Effect of excited states on the ground-state modulation bandwidth in quantum dot lasers We consider direct and indirect (excited-state-mediated) capture of carriers from the waveguide region into the lasing ground state in quantum dots (QDs) and calculate the modulation response of a QD laser. We show that, when only indirect capture is involved, the excited-to-ground-state relaxation delay strongly limits the ground-state modulation bandwidth of the laser-at the longest tolerable relaxation time, the bandwidth becomes zero. When direct capture is also involved, the effect of excited-to-ground-state relaxation is less significant and the modulation bandwidth is considerably higher. In Ref. 1, the upper limit for the small-signal modulation bandwidth ideally attainable in quantum dot (QD) lasers was estimated. The experimental modulation bandwidth in QD lasers 2,3 is actually considerably lower. Several factors can affect the dynamic properties of QD lasers and limit the modulation bandwidth. Among such factors are the carrier capture delay from the higher-dimensionality reservoir regions (2D wetting layer [4] [5] [6] [7] and bulk optical confinement layer (OCL) 8 ) into QDs, the internal optical loss, which increases with carrier density in the OCL, 9 and the gain compression (see, e.g., Ref. 10) .
In this letter, we report on the effect of excited states, which are typically present in QDs, 11, 12 on the ground-state modulation response of a QD laser. Recombination processes via excited states (Fig. 1) reduce the efficiency of carrier injection into the ground state in QDs (Fig. 1) . In this regard, the role of recombination via excited states in QDs is similar to that of parasitic recombination in the OCL 13 ( Fig. 1 ). There is also relaxation delay from the excited-to groundstate in a QD. [14] [15] [16] [17] [18] [19] [20] [21] [22] Under the conditions of a two-step (excited-state-mediated) capture from the OCL into the QD ground-state, the excited-to-ground-state relaxation delay will be added to the OCL-to-excited-state capture delay.
In Refs. 4, 5, and 8, the effect of carrier capture delay from the reservoir into single-level QDs (i.e., into the QD ground-state) on the modulation bandwidth was studied. In Refs. 6 and 7, the effect of capture delay from the reservoir into the QD excited-state on the ground-state modulation response was discussed. While the capture delays from the reservoir into both the QD ground-and excited-states are inherently included in the model of the present work, the primary focus here is the effect of excited-to-ground-state relaxation delay inside QDs on the ground-state modulation bandwidth.
Our theoretical model is illustrated in Fig. 1 . The carriers injected in the OCL can be either directly captured into the QD ground-state or first captured into the excited state and then relax to the ground state. The carriers localized in QDs can escape back to the OCL. For the carriers localized in the ground state, the escape process can be either direct or via the excited state. We used the detailed balance condition to derive the relationship between the time s 12 of upward transitions from the ground-to excited-state and the time s 21 of relaxation from the excited-to ground-state. The relation reads as s 12 ¼ s 21 exp[(E n1 -E n2 )/T], where E n1 and E n2 are the energies of carrier excitation from the QD ground-and excited-state to the OCL (see Fig. 1 ), and T is the temperature (in units of energy). The spontaneous radiative recombination occurs via the OCL states and both the ground-and excited-states in QDs. Since the focus of this work is the effect of carrier relaxation to the lasing state on the modulation bandwidth, we restrict our consideration to stimulated emission only via the QD ground-state. 
where n OCL is the free carrier density in the OCL, f n1 and f n2 are the occupancies of the ground-and excited-state in a QD, and n ph is the photon density (per unit volume of the OCL) in the lasing mode. The other parameters are as follows: j is the injection current density, b is the OCL thickness, r n1 and r n2 are the cross-sections of carrier capture from the OCL into the QD ground-and excited-state, v n is the free carrier thermal velocity in the OCL, N S is the total surface density of QDs (the product of the number of layers with QDs and the surface density of QDs in a single-layer), B is the spontaneous radiative recombination constant for the OCL, s QD1 and s QD2 are the spontaneous radiative recombination lifetimes via the QD ground-and excitedstate, g expðÀE n2 =TÞ characterize the intensities of thermal escapes from the QD ground-and excited-state to the OCL (Fig. 1) , where N 3D c is the effective density of states in the OCL. As in Refs. 4, 5, and 8, our model does not include the fraction of spontaneous emission entering the lasing mode. This fraction is generally very small, 23 and this is the more so in QD lasers, since the spontaneous emission rate in QDs is itself low. Even slightly above the lasing threshold, the fraction of spontaneous emission is negligible as compared to the stimulated emission rate. Neglecting this fraction makes our analysis and derivations simpler while not considerably influencing the physical picture.
We consider a direct modulation of the laser output by the small time-harmonic component dj of the pump current density j and, correspondingly, use the small-signal analysis [23] [24] [25] of rate equations (1)- (4). Looking for the solutions of the rate equations in the form of the sum of the dc (steady-state) component and the small time-harmonic component, we arrive at the set of algebraic equations in the small frequency-dependent amplitudes dn OCL-m , df n1-m , df n2-m , and dn ph-m . From the solution of this set, we find the ratio
where x is the angular frequency of modulation. The modulation response function is calculated as HðxÞ¼ jdn phÀm ðxÞ= dn phÀm ð0Þj 2 . The coefficients A 1 , A 2 , and A 3 are positive; A 0 is positive above the lasing threshold and zero at and below the lasing threshold. They are functions of the dc component j 0 of the injection current density and parameters of the laser structure. The expressions for these coefficients are cumbersome and not presented here for reasons of space.
We obtain the following quartic equation for the square of the modulation bandwidth x -3 dB [the frequency, at which H(x) has fallen to half its dc (x ¼ 0) value: 10 log 10 H(x -3 dB ) ¼ À3]:
where the numerical parameter r ¼ 10 0:3 % 1:995. The analysis of Eq. (6) shows that, under the lasing condition, i.e., if the dc component of the pump current density is above the threshold current density (j 0 > j th ), only one out of four roots x 2 À3 dB of Eq. (6) is positive and hence physically meaningful. At the lasing threshold (j 0 ¼ j th ), this root x 2 À3 dB becomes zero (Fig. 2) ; at a small excess of j 0 above j th , x 2 À3 dB / ðj 0 À j th Þ 2 and hence
For j 0 < j th (below the lasing threshold), Eq. (6) does not have any positive root x 2 À3 dB . Below, we discuss the dependences of the modulation bandwidth x -3 dB on j 0 and parameters of the structure. We consider a GaInAsP heterostructure lasing near 1.55 lm at room-temperature. 26, 27 In a single-QD-layer structure, the maximum gain for the ground-state transitions g , which corresponds to 10% QD-size fluctuations, the surface density of QDs in a layer 6.11 Â 10 10 cm
À2
, and an ideal overlap between the electron and hole groundstate wave functions. 28 The mirror loss b ¼ 10 cm À1 (at the as-cleaved facet reflectivity R ¼ 0.32, this corresponds to the cavity length L ¼ 1.139 mm) and the OCL thickness b ¼ 0.28 lm. Figure 2 shows the modulation bandwidth against excess of j 0 over j th . As seen from the figure, with j 0 increasing from j th , x -3 dB increases from zero, approaches its maximum value x max À3 dB (marked by the symbol "Â") at a certain optimum value of j 0 , and then decreases.
In the presence of fast direct capture into the ground state (when r n1 is large), x -3 dB is mainly controlled by r n1 and only slightly affected by r n2 and s 21 . In Fig. 2(a) , the crosssection r n2 of capture from the OCL into the QD excitedstate and the excited-to-ground-state relaxation time s 21 are fixed while the capture cross-section r n1 into the ground state is different for different curves. As seen from the figure, with reducing r n1 (i.e., making slower the capture to the ground state), x -3 dB decreases.
Making slower the excited-state-mediated capture into the lasing ground-state (i.e., decreasing r n2 and/or increasing s 21 ) also reduces the modulation bandwidth. However, only FIG. 2. Modulation bandwidth x -3 dB /2p vs. excess of the dc component of the injection current density over the threshold current density. In (a), r n2 ¼ 10 -11 cm 2 , s 21 ¼ 0.1 ps, and r n1 is different for different curves; r n1 ¼ 1 corresponds to instantaneous carrier exchange between the OCL and the QD ground-state. In (b), r n1 ¼ 0 (no direct capture into the QD groundstate), s 21 ¼ 0.1 ps, and r n2 is different for different curves; r n2 ¼ 1 corresponds to instantaneous exchange between the OCL and the QD excitedstate. In (c), r n1 ¼ 0 (no direct capture into the QD ground-state), r n2 ¼ 10 when r n1 is small, the effect of r n2 and s 21 on x -3 dB becomes stronger. The modulation bandwidth is particularly strongly affected by r n2 and s 21 when there is no direct capture from the OCL into the QD ground-state, i.e., r n1 ¼ 0 [Figs. 2(b) , 2(c), and 3-5]. In Fig. 2(b) , s 21 is fixed while r n2 is different for different curves. In Fig. 2(c) , r n2 is fixed while s 21 is different for different curves.
As seen from Figs. 2(b), 2(c), and 3, in such a case of no direct capture, the modulation bandwidth drops rapidly with decreasing capture cross-section r n2 or increasing relaxation time s 21 . Even at a short relaxation time of 0.1 ps, the maximum modulation bandwidth (4 GHz) is four times lower than that at instantaneous relaxation (16 GHz at s 21 ¼ 0)-see Figs. 2(c) and 5.
It is seen from Fig. 3(b) that there exist the minimum tolerable value r min n2 of r n2 and the maximum tolerable value s max 21 of s 21 at which x -3 dB becomes zero. The point is that, for lasing to occur and for direct modulation of laser output, the dc component j 0 of the pump current density should be higher than the threshold current density j th . With decreasing r n2 or increasing s 21 , the threshold current density increases. It is at r n2 ¼ r 
where f n2_th is the excited-state level occupancy at the lasing threshold, j QD th is the component of j th associated with the spontaneous recombination in QDs, and j th; r n2 ¼ 1 is the threshold current density for the case of instantaneous capture into the excited state (r n2 ¼ 1). The same condition j th ¼ j 0 should be used to calculate s max 21 but no closed-form expression can be derived for s (Fig. 4) . s max 21 is zero at j 0 ¼ j th; s 21 ¼ 0 (the difference between j th; s 21 ¼ 0 and j th; r n2 ¼ 1 is very small and cannot be seen in Fig. 4 ). s 
where f n1,0 is the steady-state (dc) occupancy of the QD ground-state, which is pinned above the lasing threshold (does not change with j 0 ) and given by
It is clear from the above discussion that, if the abscissa and the ordinate are interchanged in Fig. 4 , we will obtain the threshold current density j th against r n2 and s 21 .
For the case of no direct capture into the QD groundstate, Fig. 5 shows the dependence of the maximum modulation bandwidth x max À3 dB on s 21 . To obtain this dependence, we calculated the modulation bandwidth x -3 dB as a function of the dc component j 0 of the injection current density at different values of s 21 [ Fig. 2(c) ]; we then determined for each s 21 the corresponding maximum value x max À3 dB [marked by the symbol "Â" in Fig. 2(c) from the OCL into the QD excited-state, the saturation value in a 5-layer structure is higher than that in a single-layer structure [14.6 vs. 5.7 In going from (a) to (b) and then to (c) in Fig. 5 , i.e., with increasing r n2 , the saturation values of x max À3 dB in 5-and single-layer structures increase and become closer to each other. At r n2 ¼ 1 [ Fig. 5(c) ], i.e., at instantaneous capture from the OCL into the QD excited-state, the saturation values in 5-and single-layer structures become the same (20.2 GHz).
In conclusion, we have considered direct and excitedstate-mediated capture of carriers from the OCL into the lasing ground state in QDs and calculated the modulation response of a QD laser. We have shown that, when only indirect capture is involved, the delays in the carrier capture from the OCL into the QD excited-state and in excited-to-ground-state relaxation strongly limit the modulation bandwidth x -3 dB of the laser-at the minimum tolerable capture cross-section or longest relaxation time, x -3 dB becomes zero. When a fast direct capture is also involved, the modulation bandwidth is considerably higher and only slightly affected by the presence of excited states. The effect of excited states is also less significant and x -3 dB is higher in multi-QD-layer structures as compared to a single-layer structure. 
